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ABSTRACT 
We show that the Toeplitz-Hausdorff theorem that the classical numerical range 
of every complex matrix A is convex fails to extend to the permanental numerical 
range. The results follow from reduction of the problem to the investigation of the 
roots of some quadratic and cubic polynomials. 
1. INTRODUCTION 
Let A E CnXn and 1 < k < n. The k th permanental numerical range of 
A is the following subset of the complex plane: 
Pk( A) = {per(V*AV)IV E C,,,, V*V = Zk] 
= {per((U*AU)[1,2,. . , kl1,2,. . . , k])lU E U,(C)}, 
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where U,(C) is the unitary group in C, Xn and B[l, 2, . , kll, 2, . , kl 
denotes the left top k X k principal submatrix of B. 
If k = 1, this coincides with the classical numerical range 
W( A) = {x*Axlx E C”, 1x1 = 1). 
As a consequence of a theorem of Hausdorff [3] and Toeplitz [5], the latter is 
a compact convex subset of C. In particular, if A is a 2 X 2 matrix, then 
W( A) is a ( possibly degenerate) elliptical disk [2]. It turns out that P,(A) is 
also a ( possibly degenerate) elliptical disk [4]. In addition [l], if A E C,, x n is 
unitarily similar to a shift block form, then P,(A) is a circular disk centered 
at the origin. 
In view of the Hausdorff-Toeplitz theorem and the above-cited results on 
Pk(A), it is natural to conjecture that the permanental numerical range is 
convex for all A E C,, x ,~. But the following two computer plots of the 
permanental numerical ranges of two simple matrices show that this conjec- 
ture is incorrect. Figure 1 shows P,(diag(i, 1, , l>>, and Figure 2 shows 
P ,(diag(i, 1,l)). 
In the rest of the paper, we show that the behavior exhibited in the 
figures is by no means exceptional, but in fact many matrices have a 
nonconvex permanental numerical range. 
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THEOHEM 1. Let A = U* diag(h,, A,, . . . , A,,)U E C,,X,,, where U E 
U,,(C) and n > 3. Zf h,, A,, and the origin are not collinear, then Pz( A) is 
not conzjex. 
THEOREM 2. Let A = U* diag(A,, A,, A,) U E Csx3, where U E U,(C). 
Zf A,, A,, and the origin are not collinear, then P,(A) is not convex. 
REMARK. In Theorems 1 and 2, if A,, A,, and the origin are collinear, 
then the permanental numerical range is a line segment pointing towards the 
orgin [4]. 
THEOREM 3. Let A = U* diag(&%i, 1, . , 1) U E C,, ,,, where U E 
U,(C) and n > 4. Then PzS( A) is not convex. 
The following lemma, which shows that the permanental numerical range 
of a matrix is a continuous function of the entries, makes it possible to extend 
our results about nonconvexity to a larger class of matrices. 
LEMMA. Let A = (a,,) be an n X n complex matrix. For any E > 0 
there exists a 8 > 0 such that for any n x n complex matrix B = (b, > with 
Ial - “‘(1 < 6 andf or any point M in Pk( B), there is a point N in P,(A) for 
w ich d M, N) < E. (Here d( M, N 1 denotes the distance between M and N.) 
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THEOREM 4. lf A = (aij) is an n X n complex matrix with a nonconvex 
permanental numerical range Pk( A), then there is a 6 > 0 such that fbr any 
n x n complex matrix B = (bLi) with laij - b,,l < 6 the permanental 
numerical range P,(B) is also nonconvex. 
2. PROOFS 
Proof of Theorem 1. Since P,(rA) = rkPk(A) for r E C, it suffices to 
show that P,(A) is not convex for A = diag(1 + 5, 1, . , 11, where 5 e R. 
Observe first that 
Pz( A) = {per((U*AU)[1,211,2])IU E U,(C)} 
= {per((U*d%(5,0,. .,O) U + I,)[1,211,2])IU E u,,(c)} 
= {per((U*diag(5,0,...,0)U)[1,211,2] +I,)JuEU,~(C)} 
= {l + 5 tr B + 5’ perB(U E U,(C)}, 
where B = (U* diag(l,O, . . , 0) U)[l, 211,2]. Since the nonreal number 5 is 
fixed, it suffices to show that the related set 
is not convex. If u = (uij) E U,(C), then 
and hence 
trB + 5perB = (I UJ + IUJ) + 251u,~121u,~12. 
Define 
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If cl f 0, then let 
(If d = 0, then there is no need to define a and b.) Since (uii, ui2,. , uln) 
is the first row of an arbitrary unitary matrix and since 12 > 3, it follows that 
0 Q d =G 1, a > 0, b > 0, and a + b = 1. Then 
S = {d + 2d?$ab10 < d < 1, a > 0, b > 0, a + b = 1). 
Let c = 2ub. Then c can take on values only between 0 and 2. There- 
fore, the set S has the simpler representation 
s = {d + cd%10 < d < 1,0 < c < +}. (1) 
If 5 = 51 + i52, where ,$i and 0 # f2 E R, then the x- and y-coordinates 
of any point d + cd%$ in S are x = d + cd’e, and y = cdy,. They satisfy 
the conditions 
The set S is bounded by two straight lines and one parabola: 
?;_ti_l 
i I 
2 
y = 0, 
5, - ’ 
y=; x-51y &Y 
5, 2 
Among the points of intersection of these boundaries are X = 0 E S and 
Y = (1 + .$,/2) + i&a/2 E S. (In Figure 1, where 5 = - 1 + i, the point 
corresponding to X is Z = 1 and the point corresponding to Y is W = 0.) 
The proof is completed by showing that the open line segment XY has no 
points in S. If for some t strictly between 0 and 1 the point Q = x + iy = 
(1 - t)O + t(1 + (r/2) + i[(l - t)O + tt2/2] E XY were in S, then 
and y=th 
2 
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According to (21, there would then exist c between 0 and $ such that 
y = c(r - 51Y/52)252> which would imply tt2/2 = ct2t2 and so t(2ct - 1) 
= 0. That is impossible, because 0 < t < 1 and 0 < c < i. n 
Proof of Theorem 2. It suffices to show that P,(A) is not convex for the 
matrix A = diag(l + 5, 1, l), where 5 @ R. Notice that 
P,( A) = {per[ U* dag( 5,0,0> U + Z3] (U E U,(C)} 
= {l + .$ trB + t2A4 + t” perB(U E U,(C)}, 
where in this case B = U* diag(l,O, 0) U and M = per B[l, 2(1,2] + 
per B[l, 311,3] + per B[2,3\2,3]. By the argument in the proof of Theorem 1, 
P3( A) = {l + 6 + 25”(ab + hc + UC) + 6E3ahcl 
n,b,c>O,a+b+c=l ]. 
Then it is enough to show that the related set 
S = {(ab + bc + UC) + 3&zbcla, b, c > 0, a + b + c = I} 
is not convex. The respective choices u = b = 0, c = 1 and a = b = c = i 
show that X = 0 E S and Y = 5 + t/9 E S. [In Figure 2, where 5 = - 1 
+ i, the point corresponding to X is Z = 1 + 5 + 2 5 “0 = i, and the point 
corresponding to Y is W = 1 + 5 + 25 2(1/3 + t/‘/y) = 4/9 + i/9.] 
To complete the proof it is enough to show that the open line segment 
XY = (0,1/3 + t/9) h as no points in S. If Q = x + iy E XY were in S, 
then 
where 5 = e1 + i t2, with ti and 0 # t2 E R. It would then follow that 
(ab + bc + UC) + 35,ubc = yy 
2 
(3) 
and 
35,ubc = y. (4) 
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ab + bc + ac = - 
52 
Let y = t21/9, where 0 < 1 < 1. Then a + b + c = 1, ab + bc + ca = 
l/3, and abc = l/27. In other words, there would exist nonnegative real 
roots a, b, and c of the cubic equation 
1 1 
f(x) =x3 -xX2+ 3x- - =o, 
27 (5) 
where Q # Y excludes the possibility that a = b = c. But it is clear that f 
has its local maximum at x, = (1 - ml/3 and its local minimum at 
x2 = (1 + -)/3. Since 
f( x1) = $(l - Z)(_ - 1) < 0, 
the equation f(x) = 0 has only one real root. This contradiction shows that 
xYns=0. n 
Proof of Theorem 3. Reasoning similar to that of the previous proofs 
gives 
P3( A) = {per((U* diag( t,O,. . . , 0) U + Z,)[L2&2,3])(U E U,(C)} 
= (1 + 5 trB + c2M + t3 per BlU E U,,(C)], 
where 5 = - 1 + mi, the matrix B = (U* diag(l,O, . ,O> U)[l, 2,311,2, 
31, and the number M = per B[l, 211,2] + per B[l, 3]1,3] + per B[2,312,3]. 
In addition, the approach used in the proof of Theorem 1 gives 
P3( A) = (1 + Ed + 2~2d2(ab + bc + ac) + 6c3d3abc( 
a, b, c > 0, a + b + c = 1,0 < d < 1 }. 
It suffices to show that the set 
S = {d + 2..$d”(ab + bc + ac) + 6t2d3abcI 
a,b,c>O,a+b+c=l,O~d~l } 
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is not convex. Taking a = h = c = i and d to be successively 0 and 1 gives 
Z = 0 E S and W = \iliri/9 E S. T o see then that the open line segment 
ZW has no points in S, suppose to the contrary that Q = z + iy E ZW were 
in S. Then x = 0 and y = lm/9, where 0 < 1 < 1. Hence there would 
exist 0 < d < 1, a 2 0, h > 0, and c > O with a + b + c = 1 such that 
ilJl0 
d + 2td”(ab + bc + ca) + 6t”d”abc = - 
9 
Equating the real and imaginary parts of the two sides produces 
d - 2d*(ab + bc + ca) - 9d”abc = 0 
and 
2d2(ab + bc + ca)&% - 12d”abcjZ = iJET1 
Since 0 is obviously not a candidate for d, solving these two equations for 
ah + bc + ca and abc would give 
1 + 6d 9d - 21 
ab + bc + ca = - 
21d2 
and abc = 
189d” 
Combining these equations with a + b + c = 1 would lead to the conclusion 
that a, b, and c are real roots of the cubic equation 
f(x) =x3-xX2+ sx- 9d - 21 
189d3 = 
0, (6) 
where Q # W excludes the possibility that a = b = c. 
Let (Y = (I + 6d)/7d2. Th e d erivative of the function f gives the follow- 
ing information. If (Y > I, then 
+ 
is increasing. If (Y < 1, then f has its local 
maximum at x, =(l- l-(Y)/3 and its local minimum at X~ = (1 
+ \/1_cr)/3. Th e us case gives an obvious contradiction. In the second f t 
case, 
(a - 1)(3 - 2&+ 21 + 7d” - 9d .f(Xl) = 
+ 
27 189d3 (7) 
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The first term of (7) is clearly negative. So is the second term, because (Y < 1 
implies that I < d. As in the proof of Theorem 2, this would then imply that 
the cubic equation f(r) = 0 has only one real root. That too is a contradic- 
tion, which shows that ZW n S = 0. The computer-generated graph of the 
related set S in Figure 3 clearly shows its nonconvexity. n 
Proof of the Lemma Consider the k X k complex matrix X = (x,~,), 
where for s = 1, , k and t = 1, , k the xst are variables. As a polyno- 
mial in the x,~, the multivariable function per X is of course continuous. 
Therefore for any ,s > 0 there exists a S, > 0 such that for any k X k 
complex matrix Y = ( ys,> with I yst - xrtl < 6, for s = 1,. . , k and t = 
1,. . . , k, the inequality [per X - per Y) < E holds. Choose 6 = 6,/n2. Then 
for any n X n complex matrix B = (bii) with lbij - aLjl < 6 for i = 1,. . , R 
and j = 1,. . . , n and for any point M in Pk( B ), there is an n X k complex 
matrix U = (Use> with U*U = I, such that M = pel(U*BU). For such a U, 
let N = per(U*AU). Put U*BU = (d,t)l;xk and U*AU = (c,~,)~~~. Then 
Id,, - C,stl = 2 UirbijUjt - 2 UisaijUjt 
i,j=l i,j=l 
Y 
1 I IielatadsetSfar P3(diag(iV23,1,...,1)) 
FIG. 3 
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G C l”,,yl lbij - 'ijl lUjtl 
i,j=l 
The above choice of 6 then gives d(M, N) = IpedU*AU) - per (u*SU>I 
< E. n 
Proof of Theorem 4. Since Pk( A) is not convex, there exist two points M 
and N in Pk( A), and a point L that is on the line segment MN but not in 
Pk( A). Since Pk( A) is compact, there is a point K in P,(A) at minimum 
distance d( K, L) from L. Let E = cl( K, L)/2. For that E, find the 6 > 0 of 
the lemma. Then for any n X n complex matrix B = (bij) with lbij - aijl < S 
for i = l,..., n and j = 1,. , n, the permanental numerical range P,(B) 
of B is nonconvex. To establish that claim, note first that P,(B) has two 
points S and T with d(M, S> < E and d(iV, T) < E. Choose Q on the line 
segment ST so that d(Q, L) < .z. Then Q +Z P,(B), for otherwise there 
would be a point W in Pk( A) such that d(W, Q) < E. But then d(W, L) < 
d(W, Q) + d(Q, L) < 2~ = d( K, L). That contradicts the minimality of 
d( K, L) for points in Pk( A), and shows that ST f~ Pk( B) = 0. 
REMARKS. The permanental numerical range of some matrices (e.g., 
those in shift block form or scalar multiples of a hermitian matrix) can be 
convex. Motivated by the above theorems, we are led to propose the 
following possible partial characterization of normal matrices for which the 
Toeplitz-Hausdorff theorem extends to the permanental numerical range. 
CONJECTURE. Let A be an n X n normal matrix. If k # 1 or k and n 
are not both 2, then Pk( A) is convex if and only if A is a scalar multiple of a 
hermitian matrix. 
Observe that the argument in Theorem 3 uses the special nature of 
E+l=mi. T o establish the foregoing conjecture, more general tools 
would definitely be necessary. 
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